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INTRODUCTION AND SUMMARY 

A composite  f i lm  of  polyimide  with  boron  vacuum-deposited 
on  one  s ide  has  become available for  development as a s t r u c t u r a l  
material. The composite f i l m  is manufactured  by  National  Research 
Corporat ion.   The  polyimide  layer  (DuPont H - f i l m )  is  approximately 
0.5 m i l  t h i c k ,  and the   bo ron   l aye r  is approximately 0.16 m i l  t h i c k .  
The o b j e c t i v e   o f   t h e   p r e s e n t   i n v e s t i g a t i o n   h a s  been t o   e v a l u a t e  
t h e   f a b r i c a b i l i t y ,   m e c h a n i c a l   p r o p e r t i e s ,  and s t r u c t u r a l   e f f i -  
c i e n c y   p o t e n t i a l s   o f   t h i s   m a t e r i a l   f o r   s t r u c t u r a l   c o m p o s i t e s .  

Hollow  tubular  t e s t  specimens were r e a d i l y   f a b r i c a t e d   b y  
wrapping   the   composi te   f i lm  over   mandre ls   and   bonding   layers   to -  
g e t h e r   w i t h  epoxy  adhesive.  These  specimens w e r e  then   tes ted   under  
a x i a l  and   bend ing   l oads   t o   de t e rmine   t he i r   s t i f fnes s  and s t r e n g t h .  
The test r e s u l t s  showed t h a t   t h e   e f f e c t i v e   Y o u n g ' s  modulus  of t h e  
boron   layers   o f   the   composi te  was approximately 47.3 x 10 p s i ;  
the  compressive stress developed   in   the   boron   layers  w a s  approxi- 
mately 1 0 2  000 p s i :  and t h e  maximum t e n s i l e  stress t o  which  those 
l a y e r s  w e r e  sub jec t ed  was i n   t h e   v i c i n i t y   o f  8 2  000 psi .   Because 
the   bo ron   l aye r s   cons t i t u t ed   abou t  13  pe rcen t   o f   t he  volume o f   t he  
composi te   spec imens ,   the   composi te   s t i f fness   and   s t rength  were much 
less than   those   o f   the   boron .  The polyimide and adhes ive   con t r i -  
buted low d e n s i t y   t o   t h e   c o m p o s i t e   p r o p e r t i e s ,  b u t  l i t t l e  s t i f f n e s s  
o r   s t r e n g t h .  
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The mechanica l   p roper t ies   exhib i ted   by   the   boron   layers   o f  
t h e   f i l m  w e r e  thus   found  to  be somewhat d e f i c i e n t   r e l a t i v e   t o  
propert ies   which  have been a t t a ined ,   fo r   example ,  by  boron f i l a -  
ments. However, these proper t ies   can   p robably  be improved i n  
fur ther   deve lopment   o f   the   p rocess  by  which the  composi te  i s  made, 
because   loca l   waviness   o f  t h e  l a y e r s   a p p e a r s   t o   a c c o u n t   f o r   t h e  
d e f i c i e n c i e s .  

The most   important  a t t r i b u t e  of  t 'nis  form  of  composite  material  
i s  t h a t  it i s  b i d i r e c t i o n a l ,   i n   c o n t r a s t   t o   f i l a m e n t s ,   w h i c h   a r e  
un id i r ec t iona l .   Because   o f   t h i s ,   t he   we igh t   o f  a f i lm  composi te  
m a t e r i a l   w h i c h   p r o v i d e s   i s o t r o p i c   i n p l a n e   s t i f f n e s s ,  is about  
60% of   t ha t   o f   an   equ iva len t   f i l amen t - r e in fo rced   compos i t e   t o   p ro -  
v i d e   t h e  same s t i f f n e s s .   S t r u c t u r a l   e f f i c i e n c y   a n a l y s e s   p e r -  
formed i n   t h i s   i n v e s t i g a t i o n  showed t h a t   t h e   p o t e n t i a l   w e i g h t  
s a v i n g s   o f f e r e d   b y   t h i s   b i d i r e c t i o n a l   a t t r i b u t e   c a n  be s i g n i f i c a n t  
fo r   app l i ca t ions   such   a s   f ac ings   fo r   s andwich   cy l inde r s   and   p l a t e s  
subjected  to   inplane  compression,   where biaxial  s t i f f n e s s   b e n e f i t s  
s t r u c t u r a l   s t a b i l i t y .   T h e s e   a n a l y s e s   a l s o   e s t a b l i s h   t h e   p r o p e r  
proport ions  between  the  boron and suppor t ing  f i l m  t o   ach ieve   min i -  
mum weight  where e las t ic  s t r u c t u r a l   s t a b i l i t y   g o v e r n s   t h e   c o m p o s i t e s '  
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design.  I t  has   been shown t h a t   f o r  some a p p l i c a t i o n s   t h e   t h e o r e t i -  
c a l l y  best  propor t ions   can  be o t h e r   t h a n   s o l i d   b o r o n   s i n c e   t h e  
poly imide   (or   o ther   suppor t ing  f i l m )  i s  less dense  than  boron. 
General ly  optimum o r   e f f i c i e n t   p r o p o r t i o n s  c a l l  f o r  less polyimide 
than  w a s  p r e s e n t   i n   t h e  f i l m  u s e d   i n   t h i s   i n v e s t i g a t i o n ,  It  is  
t h e r e f o r e   a p p a r e n t   t h a t   l a y e r e d   f i l m   c o m p o s i t e s   o f f e r   s i g n i f i c a n t  
g a i n s   i n   s t r u c t u r a l   e f f i c i e n c y .   T h i s  material a l s o   a p p e a r s   t o  be 
i n h e r e n t l y  w e l l  su i ted   for   fabr ica t ing   deve lopable   shapes   which  may 
l e a d   t o  economic   advan tages   i n   add i t ion   t o   we igh t   s av ings .  

FABRICATION O F  TUBULAR 'TEST  SPECIMENS 

The poly imide   layers   in   the   composi te   f i lm  inves t iga ted   here  
are  manufactured  by E. I .  DuPont de  Nemours Co.,   Inc.   under  the 
t r a d e  name "Kapton"  (Ref. 1). Kapton i s  synthes ized  by a polycon- 
densa t ion   reac t ion   be tween  an   a romat ic   t e t rabas ic   ac id   and   an   a ro-  
matic  amine. The b o r o n   l a y e r s   a r e  vacuum deposi ted  on  one  s ide 
of   the  polyimide  f i lm  by  Nat ional   Research  Corporat ion.  

Three  tubular  specimens were fabricated  from  boron-polyimidefjJm 
by t h e  method shown schemat ica l ly  i n  F igu re  1. The w a l l   t h i c k n e s s  
o f   t he   spec imens   cons i s t ed   o f   f i ve   l aye r s   o f  t h e  f i l m  p l u s  an  epoxy 
adhes ive   used   to  bond t h e   l a y e r s   t o g e t h e r .   A f t e r   a p p l y i n g   t h e  
a d h e s i v e   t o   t h e   f i l m  and wrapping it around a mandre l   as   ind ica ted  
i n   F i g u r e  1, a p o l y v i n y l   a c e t a t e   t a p e  was s p i r a l l y  wrapped  over 
the  specimens  to   press   excessive  adhesive  f rom between t h e   l a y e r s .  
The specimens were then  oven c u r e d  a t  100°C € o r   s i x   h o u r s .  Two of  
the  specimens so f a b r i c a t e d   h a d   f a i r l y   u n i f o r m   t h i c k n e s s e s ,  43 per-  
cent   of   which was the   adhes ive .  The f i l m   u s e d   i n   t h e   t h i r d   s p e c i -  
men became wrinkled and conta ined   an   excess ive  amount of   adhesive 
(approximately 67 percent) .   Dimensions and   composi te   dens i t ies  
of  the  specimens are summarized i n   T a b l e  I .  

TABLE I - DIMENSIONS AND DENSITIES OF  SPECIMENS 

Speci- Length 
men  No. ( i n . )  

Average Average Boron PI* Epoxy Comp. 
Diameter Thick. Volume Volume Adhes D e n s i t  

( i n . )   ( i n  x 103) (%I (%) ( l b / i n .  3 ) 
1 6.14 0.516 6.40 12.5 43.0 44.5 0.0527 

2 8.43 0.520 10 .71  7.5 25.8 66.7 0.0489 

3 8.25 0.330 6.16 13.0 44.6 42.4 0.0529 

*PI - Polyimide 

2 
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F i g u r e  1 Schematic of Method  Used to   Fabr ica te   Boron-Poly imide  
Tubular T e s t  Specimens 
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The average   th icknesses ,  volume percentages,   and  composite 
d e n s i t i e s   l i s t e d   i n  Table I were c a l c u l a t e d   u s i n g   t h e   t o t a l   w e i g h t s  
and overa l l   d imens ions  of the   spec imens ,   the   average   th icknesses  
o f   t h e i r   b o r o n  and  polyimide  layers  (as measured  from  photomicro- 
graphs  of   the  specimens)   and  the  nominal   densi t ies   of   the   const i -  
t u e n t s  l i s t e d  i n  Table 11. 

TABLE I1 - DIMENSIONS AND PROPERTIES O F  CONSTITUENTS 

Single   Layer  

(in.- x 103) 
Const i tuent   Thickness  Young ' s Modulus 

( p s i  x 10-6) 

Boron 0.090 0.16 60.0 

Polyimide 0.051 0.55  0.5 

EPOXY 0.043 (see Table I )  0.5 

Photomicrographs  of  sections  of  Specimen 1 are shown i n   F i g -  
ures   2 (a)   th rough 2 ( d ) .  The th i cknesses   o f   t he   bo ron  and  polyimide 
l a y e r s   g i v e n   i n   T a b l e  I1 a re   ave rage   va lues   o f  f i l a r  micrometer 
measurements   of   the   sect ions shown i n   F i g u r e  2.  I t  may be   seen  
f r o m   t h e s e   s e c t i o n s ,   p a r t i c u l a r l y   F i g u r e  2 ( c ) ,  t h a t   t h e   t h i c k n e s s  
of   the   boron   and   po ly imide   layers  is qui te   un i form.  Some breaks  
i n  the  boron are o b s e r v e d   i n   t h e   l o n g i t u d i n a l   s e c t i o n s ,   b u t   t h e y  
a r e   n o t   e x t e n s i v e .  However, F i g u r e   2 ( d ) ,   t h e   c i r c u m f e r e n t i a l  sec- 
t i o n ,  shows t h a t   v e r y   e x t e n s i v e   c r a c k s   e x i s t   i n   t h a t   d i r e c t i o n ,  
which  perhaps  created  voids  i n  the  composi te .  By comparing  the 
two l o n g i t u d i n a l   s e c t i o n s   o f   F i g u r e s  2 ( a )  and 2 ( b ) ,  it is observed 
t h a t   t h e  epoxy  adhes jve   l ayers   a re   no t   o f   un i form  th ickness ,  and 
w a v i n e s s   o f   t h e   l a y e r s   e x i s t s  i n  some sec t ions   o f   the   spec imen 
b u t  n o t   i n   o t h e r s .  

TEST  PROCEDURES AND RESULTS 

The t e s t  spec imens ,   w i th   t he i r  s teel  end f i t t i n g s ,   a r e  shown 
i n   F i g u r e  3 .  Each of the   th ree   spec imens  was s u b j e c t e d   t o   a x i a l  
compression tests and   t hen   t o   f l exura l  tests. 

Axial   compression tests w e r e  per formed  wi th   the   hydraul ic  
t e s t i n g   a p p a r a t u s  shown i n   F i g u r e  4. The loads  w e r e  app l i ed  
th rough   sphe r i ca l  s t ee l  b a l l s  which were placed  between  the  speci-  
men seats in   the   spec imen end f i t t i n g s  and the   loading   heads .  
Thus, e c c e n t r i c i t y   o f   l o a d i n g  w a s  minimized.  Both  head  travel  and 
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Figure 2 (a). Longitudinal  Section of Composite, 
Specimen 1, Position 1 

Figure 2 (b) . Longitudinal  Section of Composite 
Specimen 1, Position 2 
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Figure 2 (c) Enlargement  of L o n g i t u d i n a l   S e c t i o n  

Figure 2 ( d )  C i r c u m f e r e n t i a l   S e c t i o n  of Composite 
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Specimen 2 

Specimen 1 

Specimen 3 

2 3 4  5 c . 7  

Figure 3. Finished  Test  Specimens w i t h  
End  Fittings 

Figure 4. Apparatus  and  Specimen Ready 
f o r  Axial  Compression  Test 
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l a te ra l  de f l ec t ion   o f   t he   spec imen  w e r e  monitored  during  loading.  
The  specimens w e r e  l o a d e d   u n t i l   t h e y   f a i l e d ,  as shown i n   F i g u r e  5. 

Table I11 shows t h e   f a i l u r e   l o a d   o f   e a c h   s p e c i m e n  and t h e  
types  of f a i l u r e .  

TABLE I11 - AXIAL COMPRESSION  TEST  RESULTS 

Specimen F a i l u r e  Load 
N u m b e r  lbs. - " 

Type o f   F a i l u r e  
. ." " "_ ~- . .  

1 1 7  5 Local   buckl ing a t  one- th i rd   l ength  

2 134  Wrinkl ing  near  end f i t t i n g  
~~~ . - " 

cI____- 

3 111 
Latera l   def lec t ion   of   spec imen 
f o l l o w e d   b y   t e n s i l e   f r a c t u r e  

~ .~~ - ~- - " "_ . . - . "_ " 
~ ~- - 

Afte r   t he   ax i a l   compress ion  tests w e r e  performed,   the un- 
damaged por t ions   o f   the   spec imens  w e r e  t es ted  i n   f l e x u r e   a s  shown 
i n   F i g u r e  6.  The o b j e c t i v e   o f   t h i s  s e t  of t e s t s  was to   de t e rmine  
the   modu l i   o f   e l a s t i c i ty   o f   t he   spec imens   a s   exh ib i t ed   i n   f l exure ,  
for   compar ison   wi th   the i r   modul i   as   exhib i ted   in   the   ax ia l  com- 
p res s ion  tests. The compos i t e   modu l i   o f   e l a s t i c i ty   de r ived  from 
t h e  r e s u l t s  of   both sets of tes ts  a r e   g i v e n   i n   T a b l e  I V .  These 
moduli   are   based  on  the  load-deformation measurements and t h e  
a v e r a g e   t h i c k n e s s e s   l i s t e d  i n  Table I.  The va lues   o f   p red ic ted  
modu l i   t ha t  also appea r   i n   Tab le  I V  w e r e  ca l cu la t ed   by   u s ing   i n  
t h e   r u l e   o f  mixtures,  t h e  volume pe rcen tages   o f   t he   cons t i t uen t s  
g i v e n   i n  Table I and t h e   c o n s t i t u e n t   m o d u l i   g i v e n   i n  Table 11. 

TABLE I V  - MEASURED AND PREDICTED VALUES  OF  COMPOSITE MODULI 
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Specimen 1 
1 

1 

F i g u r e  5.  T e s t  Specimens A f t e r  F a i l u r e  Due 
t o  Axial Compression 

F i g u r e  6 .  Apparatus  and  Specimen  Ready 
f o r   F l e x u r e  Test 
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The  specimens w e r e  n o t   l o a d e d   t o   f a i l u r e   i n   t h e   f l e x u r e  tests; 
however,  Specimens No. 1 and 3 w e r e  f l e x e d   u n t i l  a s l i g h t  amount 
o f   n o n l i n e a r i t y   b e g a n   t o   d e v e l o p   i n   t h e i r   l o a d - d e f l e c t i o n   c h a r a c t e r -  
istics. M a x i m u m  composite stresses developed i n  t h e   f l e x u r e  tests 
a r e   l i s t e d   i n   T a b l e  V, a long   w i th   t he  m a x i m u m  stresses i n   t h e  
a x i a l   l o a d  tests. Stresses shown f o r   t h e   f l e x u r e  tests a re   based  
on   t he   app l i ed  moments and the   sec t ion   d imens ions   o f  Table I. 

TABLE V - MAXIMUM COMPOSITE STRESSES 

Specimen Maximum Stress ( k s i )  

Number F lexure  Tests  Compression Tests 

1 13.6 17.1 

2 _”_ 7.8 

3 14.3  17.7 

D I S C U S S I O N  AND ANALYSIS O F  RESULTS 

The  average  modulus of e l a s t i c i t y   e x h i b i t e d  by  Specimens 1 
and 3 was 6.42 x 10 p s i ,  and t h e i r   a v e r a g e   d e n s i t y  was 0.528 p c i .  
The  performance of Specimen 2 is n o t   i n c l u d e d   i n   t h i s   d i s c i - -  . i n  
because  the  specimen was c l e a r l y   d e f e c t i v e .  The  p red ic t ed   va lues  
of the  composi te   moduli   for   Specimens 1 and ‘ 3 ,  g iven   i n   Tab le  I V ,  
i nd ica t e   t ha t   t h i s   ave rage   va lue   o f   t he   measu red  modulus  was 
about  80 pe rcen t   o f   t he   va lue  it would  have  been i f   t h e   b o r o n  had 
developed a modulus of  60 x 1 0  p s i .   I n   f a c t ,   t h e   a v e r a g e   e f f e c -  6 

t i v e  modulus of the  boron  in   Specimens 1 and 3 was 47.3 x 10 p s i  
based  on  the t e s t  r e s u l t s  shown i n   T a b l e  I V  and  averages of t h e  
volume percentages  of t h e   c o n s t i t u e n t s   g i v e n   i n   T a b l e  I. 

6 

6 

The average   va lue  of the  composi te   compression  s t rength 
developed  by  Specimens 1 and 3 w a s  about  17.4 k s i .  The s t r a i n   a t  
f a i l u r e  was then  approximately 2.16 x 10- . The corresponding 
f a i l u r e  stress in   t he   bo ron ,   u s ing  a modulus  of 47.3 x lo6 p s i  was 
102 000 p s i .  The maximum t e n s i l e  stress t o  which  the  specimens 
w e r e  s u b j e c t e d   i n   t h e   f l e x u r e  t e s t s  w a s  approximately 82 000 p s i .  
Those t e s t s  were t e r m i n a t e d   a t   t h e   o n s e t   o f   n o n l i n e a r i t y   w h i c h  
w a s  p r o b a b l y   t h e   r e s u l t   o f   i n s t a b i l i t y  on the  compressive sides. 

3 
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A p o s s i b l e   c a u s e   o f   t h e   a p p a r e n t   d e f i c i e n c y   i n   t h e  modulus 
o f   t he   bo ron   l aye r s  is t h a t   t h e   d e n s i t y  and p h y s i c a l   s t a t e  of de- 
pos i ted   boron  may be d i f f e ren t   f rom  tha t   o f   f i l amen t s   fo r   wh ich  
moduli of approximately 60 x lo6 psi  have  been  developed.  Addi- 
t i o n a l   c r y s t a l l o g r a p h i c   e x a m i n a t i o n   o f   t h e   b o r o n   l a y e r s  formed  by 
vacuum d e p o s i t i o n   o n   r e l a t i v e l y   c o o l   s u r f a c e s  may r e s o l v e   t h i s  
ques t ion .  

It  a l s o   a p p e a r s   p o s s i b l e   t h a t   w a v i n e s s   o f   t h e   t h i n   b o r o n  
l a y e r s   c o u l d   a c c o u n t   f o r   t h i s   d e f i c i e n c y .  The e f f e c t i v e  modulus 
o f   c o m p o s i t e s   w i t h   i n i t i a l l y  w a v y  layers   o f   boron  imbedded  between 
and  bonded t o   l a y e r s   o f   a n o t h e r   m a t e r i a l  is ana lyzed   i n   t he  Appen- 
d ix .   The   ana lyses   a re   for   the  two d i f f e r e n t   t y p e s   o f   w a v i n e s s  
shown i n   F i g u r e  7 .  One c a s e   i n   F i g u r e  7 shows the  waviness  of 
a d j a c e n t   l a y e r s   t o  be symmetric about   p lanes  midway between them. 
The ampl i tudes   o f   t he   i n i t i a l   imper fec t ions  grow but   remain symme- 
t r i c  a s   i n p l a n e   l o a d s   a r e   a p p l i e d .  The i n t e r m e d i a t e ,   s o f t e r   l a y e r s  
a r e   s t r a i n e d   i n   t h e i r   t h i c k n e s s   d i r e c t i o n   t o  accommodate t h e  i m -  
per fec t ion   growth .   These   l a te ra l   d i sp lacements   o f   the   boron   layers  
resul t  i n   add i t iona l   i np lane   compl i ance  and e f f ec t ive ly   l ower   t he  
composite  modulus. 

For   the  second  case  depicted i n  F igu re  7 ,  t h e   i n i t i a l  wavi- 
ness   o f   ad jacent   l ayers  is antisymmetric  about  midplanes;  waves i n  
a d j a c e n t   l a y e r s  are inphase.  I n  t h i s   c a s e ,   t h e   i n t e r m e d i a t e   l a y e r s  
undergo  shear   deformation  as   the wave ampl i tudes   a re   increased  by 
end  loading.  

The apparent   modulus   for   the   sy-met r ic   case  i s  d e r i v e d   i n   t h e  
Appendix, Equation 

"I 

2 6 (1 - 
'B (e) 

The  symbols a r e   d e f i n e d   i n   t h e  L i s t  of  Symbols. 

For   the  ant isymmetr ic   case,   the   apparent   modulus i s  obta ined  
from  Equation (A36) a s  

11 
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a. Symmetric  Imperfections 

Figure 7. Geometry  of  Initially 
Imperfect  Composite 

12 



+ 

2 2 t 
- Tr - EB B /A\ 

In Reference 2, Schuerch  shows  that  the  critical  composite 
stress  for  buckling  of initi'ally straight  layers in  the  symmetric 
mode  is 

-1 -1 
U _1 *M 5 2 2 (l-vg 1 U"VM 1 

EB  tM ( 3 )  

The solution  obtained  in  the  Appendix  for  the  antisymmetric  mode 
differs  from  that of Reference 2 by  the  presence  of  the  final  fac- 
tor on the  right hand side of the  following  equation: 

U 

'CR ANTI G M (1.5) tM (I+% EB h) t  B (41 

The average  critical  stresses  for  Specimens 1 and 3 are 

U = 227 x 10 psi 3 
'CR ANTI 

when the  following  nominal  properties of Specimens 1 and 3 are  used: 

tB = 0.16 mil = 0.50 x 10 psi 

= 1.10 mils EB = 60 x 10 psi and G = - E 

6 
EM  vM = 0.33 

6 3 
tM M 8 M  

E = 8.08 x 10 psi 6 
C = 0.25 
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Since  ' these  values   of  c r i t i c a l  stresses are much g r e a t e r   t h a n   t h e  
1 7  k s i  stresses a p p l i e d   i n   t h e  tests, t h e   e f f e c t s   o f   l o a d i n g   p a r a -  
meters, a and as, (see Appendix)  have  been  neglected  in  Equations 

(1) and ( 2 )  fo r   pu rposes   o f   examin ing   t he   e f f ec t s   o f   wav iness   on  
the  apparent  modulus a t  low stress leve ls .   Accord ingly ,   F igures  
8 and 9 are   graphs  of   Equat ions (1) and ( 2 )  showing  values  of 
E / for   the   symmetr ic  and an t i symmetr ic   cases   €or   the   nominal  

propert ies   of   Specimens 1 and 3 .  These  graphs  of /E v e r s u s   t h e  

imperfect ion  ampli tude  parameter ,  A / t B ,  and  wavelength  parameter, 

h / t B ,  show tha t   t he   obse rved   de f i c i ency   i n   t he   bo ron  modulus 

(ZB/EB = 0.79 f o r  E = 60 x 10 ps i )   cou ld   have   r e su l t ed   f rom a 6 

wide  range  of   combinat ions  of   the  two imperfec t ion   parameters .  

W 

- 
B %  

B B  

B 

Refe r r ing  now t o   F i g u r e  2 ,  the   photomicrograph   of   one   o f   the  
l o n g i t u d i n a l   s e c t i o n s  shows no i n i t i a l   w a v i n e s s   l a r g e  enough t o  
cause s i g n i f i c a n t   r e d u c t i o n   i n   t h e   b o r o n ' s   e f f e c t i v e  modulus. How- 
ever, t h e   o t h e r   l o n g i t u d i n a l   s e c t i o n   c o n t a i n s   i n i t i a l   i m p e r f e c t i o n s ,  
predominately  antisymmetric,   which  would  have  reduced  the  effective 
modulus t o  much less than   t ha t   measu red   i f  it ex i s t ed   t h roughou t  
the  specimen.  For example., t he   s econd   l aye r   f rom  the   t op  i n  F igu re  
2 ( b )  has  an A / t  g r e a t e r   t h a n  5 wi th  h / t  e q u a l   t o   a b o u t  80. A 

gene ra l   wav iness   o f   t ha t   ex t en t  would cause   s eve re   r educ t ion  i n  
e f f e c t i v e  modulus. I t  must   therefore  be c o n c l u d e d   t h a t   i f   t h e  
parent   modulus  of   the   deposi ted  boron i s  indeed 60 x 10 p s i ,   t h e n  
the   ave rage   wav iness   o f   t he   bo ron   l aye r s   i n   t he   spec imens  was smal l  - 
somewhere between  the two extremes shown i n   F i g u r e s   2 ( a )  and (b) - 
b u t   s u f f i c i e n t l y   s e v e r e   t o   c a u s e   t h e   o b s e r v e d   r e d u c t i o n   i n   e f f e c t i v e  
modulus. 

B B 

6 

Consider   next   the   u l t imate   compress ion   s t rengths   deve loped  by 
the   spec imens   t e s t ed .  The t e n s i l e   f a i l u r e   o f  Specimen 3 dur ing  
i t s  a x i a l   l o a d  t e s t  w a s  c l e a r l y   t h e   r e s u l t   o f   e x c e s s i v e   b e n d i n g  
tha t   deve loped  when it became uns tab le .  I ts  p r e d i c t e d  E u l e r  load 
i s  74.6 lbs., based   on   an   e f fec t ive   l ength   o f   8 .97   in .   (d i s tance  
between  centers   of   load  spheres)  and  an e las t ic  modulus  of 7.40 x 
l o 6  p s i .   F r i c t i o n   i n   t h e   s p h e r i c a l   s e a t s  may accoun t   fo r   t he  
f a i l u r e   l o a d   e x c e e d i n g   t h e   E u l e r   l o a d .  

The fa i lure   reg ions   o f   Spec imens  1 and 2 showed delaminat ion 
when i n s p e c t e d   a f t e r   t h e   a x i a l   l o a d  tests. I n   f a c t ,   t h e   f a i l u r e  
region  of  Specimen 2 cons is ted   on ly   o f   de lamina t ions   in   the   form 
of  outward  wrinkles.  The fa i lure   reg ion   of   Spec imen 1 was an  in- 
ward   buckle   wi th   de lamina t ion   in   tha t   a rea .   Both   o f   these   spec i -  
mens f a i l e d  a t  stresses w e l l  be low  those   p red ic t ed   fo r   e i t he r   l oca l  

" 
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Figure 8. Effects of Symmetric  Initial  Imperfections on 
Effective Modulus of Boron Layers 
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s h e l l   b u c k l i n g ,   E u l e r   b u c k l i n g   o r   t h e   i n t e r n a l  modes o f   f a i l u r e  
as predic ted   by   Equat ions  (3)  and  (4).  I t  is the re fo re   suspec ted  
tha t   de l amina t ion  was the   cause   o f   f a i lu re   fo r   bo th   Spec imens  1 
and 2. 

I n i t i a l   w a v i n e s s   o f   t h e   b o r o n   l a y e r s   c o u l d   h a v e   c a u s e d   d i r e c t  
o r  shea r  stresses on  the  interfaces  between  the  boron  and  epoxy 
l a y e r s ,   w h i c h   c o u l d   t h e n   r e s u l t   i n   d e l a m i n a t i o n .  The maximum i n t e r -  
f a c e   t e n s i o n  stress t h a t  symmetric i n i t i a l   w a v i n e s s  would cause  i s  
g iven   in   the   Appendix   by   Equat ion  (A25), and t h e  maximum shea r ing  
stress caused  by  antisymmetric  waviness is given  by  Equation  (A40). 
F igu re  10 shows t h e   v a l u e s  o’f t he   t ens ion   and   shea r  stresses f o r  
the  approximate  load  and  propert ies  of Specimen 1. I n   F i g u r e  10,  
t h e  m a x i m u m  t e n s i o n  and shea r  stresses are shown t o   v a r y   s i g n i -  
f i can t ly   w i th   t he   wav iness   pa rame te r s ,  A/ t ,  and X/t, .  They a r e  

g r e a t e s t ,   f o r  any  given  value  of A / t B ,  when X / t ,  i s  i n   t h e  

range  of  6 t o  7.  For a given  value  of  h / t B ,  t h e  stress i n c r e a s e s  

wi th   i nc reased   va lues   o f  A / t  
B. 

The i n t e r f a c e   s t r e n g t h   o f   t h e   p r e s e n t   l a y e r e d   c o m p o s i t e s  is 
n o t  known: however ,   s t r eng ths   i n   t he   v i c in i ty  of 1 t o  10  k s i  would 
appear   reasonable .   F igure  10 shows t h a t   t h e   p r e v i o u s l y   c i t e d  wavi- 
ness  from  Figure 2 ( b ) ,  A / t B  > 5 and X / t ,  = 80, would  cause  shear 

stresses of 3 .5  k s i  - perhaps  enough  to r e su l t  i n   de l amina t ion .  

I n i t i a l   i m p e r f e c t i o n s   i n   t h e   v i c i n i t y   o f   t h e   f a i l u r e   r e g i o n s  
might   have  been  large  enough  to   produce  shear  o r  t ens ion  stresses 
on t h e   i n t e r f a c e s  and  cause  delamination. O r ,  unbonded a r e a s   i n  
the  specimens may have  existed  which  propagated  under  load  to 
c a u s e   t h e i r   g e n e r a l   f a i l u r e .   F u r t h e r   i n v e s t i g a t i o n  of these  pos-  
sibilities w a s  not  performed i n  t h i s   s t u d y ,   b u t  would be appro- 
p r i a t e   i n   f u t u r e   d e v e l o p m e n t  of t h i s   t y p e  of  composite. 

STRUCTURAL EFFICIENCY  POTENTIALS 

T h i s   a s s e s s m e n t   o f   p o t e n t i a l   s t r u c t u r a l   e f f i c i e n c i e s   f o r  
boron-polyimide  composites i s  l i m i t e d   t o   a p p l i c a t i o n s   i n   w h i c h  
e l a s t i c   s t r u c t u r a l   s t a b i l i t y   g o v e r n s   d e s i g n .   T h e s e   c o m p o s i t e s  
have   i so t rop ic   ex t ens iona l  and f l e x u r a l   s t i f f n e s s   i n   t h e i r   p l a n e .  
T h e r e f o r e ,   r e s u l t s   o f   s t r u c t u r a l - e f f i c i e n c y   s t u d i e s   t h a t   h a v e   b e e n  
made f o r   b o t h  monocoque  and b u i l t - u p   s t r u c t u r e s   u s i n g  homogeneous 
materials, can be used i n   t h i s   a s s e s s m e n t .  
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Figure  10. M a x i m u m   V a l u e s  of D i r e c t  and Shearing Stresses 
versus  Waviness  P a r a m e t e r s   A / t  and h / t B  
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i 1  

"i The  general   form of t h e   s t r u c t u r a l   e f f i c i e n c y   e q u a t i o n   f o r  
columns,  wide columns, compress ion   pane ls ,   cy l inders   under  ax ia l  
c o m p r e s s i o n   o r   h y d r o s t a t i c   p r e s s u r e ,   o r   f o r  box beams i n   b e n d i n g  
is (see R e f s .  3 ,  4,  and 5, f o r  examples): 

where W i s  t h e   s t r u c t u r a l   w e i g h t   p e r   u n i t  area, per u n i t   l e n g t h  
o r  i s  r e f e r r e d   t o  some o t h e r   c h a r a c t e r i s t i c   d i m e n s i o n  
o f   t h e   s t r u c t u r e  

d is t h e   s t r u c t u r a l  mater ia l ' s  d e n s i t y  

E i s  i t s  Young's  modulus 

F i s  a nond imens iona l   quan t i ty   r e l a t ed   t o   t he   geomet r i c  
p r o p o r t i o n s   o f   t h e   s t r u c t u r e   a n d  i t s  s t i f f e n i n g .   T h i s  
q u a n t i t y  i s  minimized f o r  a s t r u c t u r e   o f  optimum propor- 
t i o n s  

I is  a s t r u c t u r a l   l o a d i n g   i n d e x   w h i c h   e x p r e s s e s   t h e   l o a d -  
i n g   i n t e n s i t y  

and n is a nondimensional  exponent  whose  value is t y p i c a l l y  
between 1 .67  and 3 ,  see Ref. 5. I t s  value  depends OD 

t h e   t y p e   o f   s t r u c t u r a l   f u n c t i o n   ( e . g . ,  column o r   c y l i n -  
de r )   and   t he   t ype   o f   de t a i l ed   cons t ruc t ion   ( e .g . ,  mono- 
coque ,   s t i f f ened   o r   s andwich) .  

The density  and  Young's  modulus  of  boron-polyimide  composites 
depend   on   t he i r   p ropor t ions   i n   t he   compos i t e  as  c a l c u l a t e d   b y   t h e  
r u l e  of mix tu res ;  

19 



The s u b s c r i p t  B refers to   bo ron  and t h e   s u b s c r i p t  M refers t o   t h e  
t o t a l  matrix l aye r   o f   po ly imide  f i l m  and  epoxy  adhesive  between 
ad jacen t   bo ron   l aye r s .  An average d e n s i t y ,  0.045 p c i ,  and  an 
average  modulus of 0.5 x 10  psi  a r e   u s e d   f o r   t h e   m a t r i x   l a y e r s  
i n   t h e   p r e s e n t   a s s e s s m e n t .  The f a c t o r  K i n   Equa t ion  ( 7 )  i s  used 
t o   e x p r e s s   t h e   f r a c t i o n a l   p a r t   o f  E which i s  r e a l i z e d  - t h a t  is, 

6 

B 

The r a t i o   o f   t h e   w e i g h t   o f  a boron-polyimide-epoxy  composite 
s t r u c t u r e   t o   t h a t   o f  a r e fe rence   s t ruc tu re   o f   so l id   bo ron ,   each  
des igned   t o   pe r fo rm  the  same s t r u c t u r a l   f u n c t i o n   ( s p e c i f i e d  by I )  
wi th   geomet r i c   p ropor t ions   o f   t he  same s t r u c t u r a l   e f f i c i e n c y  
( c h a r a c t e r i z e d   b y   F ) ,  i s  found  by  Equation (5)  ; 

l / n  
- W wc - - dC (2) 

B dB 

By s u b s t i t u t i n g   E q u a t i o n s   ( 6 )  and ( 7 )  i n  ( 9 )  and u s i n g   s u b s c r i p t e d  
r ' s   t o   d e s i g n a t e   t h e   r a t i o s   o f   w e i g h t s ,   d e n s i t i e s ,   t h i c k n e s s e s  and 
moduli (see l i s t  o f   symbol s ) ,   t he   fo l lowing   fo rmula   fo r   t he   we igh t  
r a t i o  is obtained:  

A g raph   o f   t he   we igh t   r a t io ,  r v e r s u s   t h e   m i x t u r e   r a t i o ,  r is 

g i v e n   b y   t h e   s o l i d   l i n e s   i n   F i g u r e  11 f o r   t h e   i d e a l   c a s e  when K = 1, 
r = 0.5, and r = 0.00833 f o r   t h r e e   t y p i c a l   v a l u e s   o f  n. When 

K = 1, t h e   b o r o n   l a y e r s   d e v e l o p   t h e i r   f u l l   p o t e n t i a l  modulus.  The 
d a s h e d   l i n e s   i n   F i g u r e  11 show t h e   w e i g h t   r a t i o   v e r s u s   m i x t u r e  
r a t i o   f o r  K = 0.80 ,  r = 0.5, and r = 0.0104. These  approximate 

values   of  K,  r and r have   been   r ea l i zed   fo r   t he   compos i t e s  

i n   t h i s  program. 

W' t' 

D E 

D E 

D' E 

The  average  value  of r f o r  Specimens 1 and 3 was 6.85. t 
F igure  11 shows that ,   depending  on t h e   v a l u e   o f  n f o r  a p a r t i c u l a r  
app l i ca t ion ,   t he   p re sen t   compos i t e  and   mix ture   ra t io   could  be used 
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t o   p roduce  a s t ruc ture   weighing   f rom 1.18 t o  2 . 1  times t h a t   o f  a 
so l id   bo ron  s t r u c t u r e  w i t h  E = 60 x lo6 .  The d i f fe rence   be tween 

dashed   and   so l id   l i nes   i n   F igu re  10  shows t h e   p o t e n t i a l   g a i n s  from 
developing  the  composi te  f i l m  and manufac tur ing   process   toward   the  
a t t a inmen t   o f  K = 1. The d i f f e r e n c e s   i n  r between r = 6.85 

and  lower  values  of r a r e   t h e   p o t e n t i a l   g a i n s   f r o m   d e v e l o p i n g  

f i l m s  and manufactur ing  processes   whereby more e f f e c t i v e   m i x t u r e  
r a t i o s   c o u l d  be produced. 

B 

W t 

t 

I t  is  also  noted  f rom  Equat ion ( 1 0 )  and  Figure 11 t h a t  r 
W 

i s  minimized a t  values of r o t h e r   t h a n   z e r o   f o r   c e r t a i n  com- t 
b ina t ions   o f   n ,  r and r S p e c i f i c a l l y ,  E' D'  

r l  n (1-r ) - (l-rE) 
D - - 

r (1-rE) - n r (1-rD) 
D E 

provided r i s  no t   nega t ive .  For t h e s e  optimum va lues   o f   t he  t 
m i x t u r e  r a t i o ,  n-1 

n (rD n-1 - rE) 
" - 

(l-rE) (1-m) 

To d e m o n s t r a t e   f u r t h e r   t h e   p o t e n t i a l   e f f i c i e n c y   o f   l a y e r e d  
boron-poly imide   composi tes ,   cons ider   the   ra t io  of t h e i r   w e i g h t s  
t o   t h o s e  o f  bery l l ium,  magnesium,  and  aluminum, 
perform  the same s t r u c t u r a l   f u n c t i o n .   T a b l e  V I  
t h e s e   r a t i o s   f o r   t h e   c a s e  n = 2 and f o r   t h r e e  
of r t -  

TABLE VI - WEIGHT RATIOS  FOR n = 

each  designed t o  
g ives  a s e t  of 
d i f f e r e n t   v a l u e s  

2 

6.85 2.03 0.726 

3 1.63 0.625 

1 1,405 0.540 

0.626 

0.505 

0.435 
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These ratios were determined  from  an  expression  similar  to 
Equation (9) except  that the  above  metal  properties were substi- 
tuted  for  those of the  hypothetical  solid  boron. The composite 
properties  used  in  evaluating  the  ratios were the  average  values 
for  Specimens 1 and 3 .  The first  value of r in Table VI was 

the  average  for  the  two  specimens, but the  other  two  values of 
r  are  hypothetical. The weight  ratios  listed  in  Table  VI  clearly 

demonstrate  the  advantage of this  type of layered  composite  over 
magnesium  and  aluminum;  beryllium,  however, is still  theoretically 
the  lighter  structure. 

t 

t 

As a  final and  very  significant  demonstration  of  the  struc- 
tural  efficiency  potentials of boron-polyimide  film  composites, 
consider  the  basic  advantage  that  a  film  composite  derives  from 
its  biaxial  stiffness.  Reference 6 shows  that  for  axially  com- 
pressed  cylinders of sandwich  construction  with  the  facings  made 
of  filament  composites,  the  filament  orientations  should  be so 
dispersed  that  the  resulting  composite  facings  have  isotropic 
stiffness  in  their  plane.  This  type of dispersion  will  produce  a 
minimum-weight  sandwich  cylinder  for  designs  governed by  elastic 
stability  requirements. 

Now,  to  achieve  this  inplane  isotropy  with  filaments,  the 
Value of K is  effectively 0 . 3 7 5 .  For  example,  isotropy  is 
achieved  by  distributing  one  third  of  the  filaments  in  each  of 
three  directions 0 and +60° from  the  loading  direction.  This 
value of K is  based on all  filaments  developing  their  full  poten- 
tial  modulus in their  axial  directions.  Figure 12 is a comparison 
of  the  weight  ratio of this  type of boron-filament  construction 
with the  boron-laminate  type  of  construction.  The  comparisons 
are  based on Equation (10) with  n = 2 and  r = 0 . 5 .  The  weight 

in each  case  is  normalized  with  respect  to  the  weight  of  sandwich 
structure with hypothetical,  solid-boron  facings to  perform  the 
same  structural  function.  The  comparison  made  in  Figure 12 
clearly  demonstrates  the  advantage of the  present  boron-polyimide 
film  due  to  its  inherent  biaxial  stiffness. The differences  be- 
tween  the  weights  for  filament  and  film  composites  shown in Fig- 
ure 12 would be even  greater if  the full  potential  for  the  film's 
modulus, K = 1, were used  in  the  comparison. 

D 

In cases  where  only  unidirectional  properties  affect  stability, 
the  theoretical  potential  for  film  composites  is  the  same as that 
for  filament  composites when each  has  the  same  mixture  ratio. 
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CONCLUSIONS AND RECOMMENDATIONS 

1. This   s tudy  has   demonstrated  that   boron-polyimide compo- 
sites are prac t ica l  t o  f a b r i c a t e   a n d   h a v e   e x c e l l e n t   p o t e n t i a l   f o r  
h i g h   s t r u c t u r a l   e f f i c i e n c y  when e las t ic  s t a b i l i t y  requi rements  
gove rn   t he i r   des ign .  

2. The effect ive Young's  modulus  developed  by  the  boron 
l a y e r s  (47 x lo6 ps i )  appeared t o  be somewhat d e f i c i e n t .   T h i s  
may be a t t r i b u t a b l e   e i t h e r   t o   d e l e t e r i o u s   e f f e c t s  of i n i t i a l  wavi- 
n e s s   i n   t h e   b o r o n   l a y e r s ,  or t h e   b a s i c  properties o f   t h e   d e p o s i t e d  
boron may be d e f i c i e n t   d u e  t o  i t s  c r y s t a l l o g r a p h y .  

3 .  The  specimens  a lso showed a r a t h e r  low  compressive  s t rength 
which  appeared  to  be t h e   r e s u l t   o f   i n i t i a l   w a v i n e s s  and  subsequent 
de l amina t ion   unde r   l oad .   I f   i n i t i a l   wav iness   p roves   t o  have been 
t h e   c a u s e   o f  low  compressive  s t rength,  it can  probably be remedied 
by  development  of better f a b r i c a t i o n   p r o c e s s e s .  

4. H i g h e r   l e v e l s   o f   s t r u c t u r a l   e f f i c i e n c y   t h a n   h a v e  been 
demonstrated  by  the  specimens  of   this   program  can be a t t a i n e d   b y  
i n c r e a s i n g   t h e   p r o p o r t i o n s   o f   b o r o n   p r e s e n t .  

5. Other   layered  composi tes   of   low-densi ty  matrices and  high- 
modulus s t r u c t u r a l  materials should be e v a l u a t e d   f o r   t h e i r   w e i g h t -  
s a v i n g   p o t e n t i a l   a n d   f a b r i c a b i l i t y .  
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APPENDIX 

DERIVATION  OF  EFFECTIVE  MODULUS  OF BORON STRATA 

Schematics of the  layered  boron-polimide-epoxy  composi.tes  in 
their  symmetric  and  antisymmetric  modes of initial  imperfection 
are  shown in Figure 7a and  7b. In each  case,  it  is  assumed  that 
the  polyimide-epoxy  layers  are one homogeneous,  constant  thickness 
matrix, tM. The boron  layer  is  also of constant  thickness 

The  Young’s modulus of the  boron is EB and that of the  matrix  is 

EM. The shearing  modulus of the  matrix  is GM. In each  case  a 

plane  strain  distribution and an initial  imperfection,  yo,  given 

by  the  following  equation  are  assumed  to  exist: 

tB’ 

ITX = A sin - YO x 

Also,  in  each  case  the  layers  are  assumed to deflect  by  the  amount 
y1  under  application of the end  load: 

y1 = B  sin - ITX 

x (A2 1 

In the symmetric case,  the  initial  imperfections of the  adjacent 
boron  layers  are  assumed to be TT radians out of phase  and  to  re- 
tain  that  phase  angle  under  end  load.  Similarly, in the  anti- 
symmetric  case  deflections of the  adjacent  layers  are  assumed  to 
be initially  inphase  and  remain so. 

Symmetric case: 

It is  assumed  that  effects  of  shearing  in  the  matrix can 
be neglected  because  wavelengths  of  initial  imperfections will be 
much  greater  than  the  matrix  thickness. The matrix  then  becomes 
a  Winkler  foundation of stiffness 4EM/[tM ( 1-vM2) ] per  unit  width 

and  length of the  boron  layers.  This  stiffness  resists  amplifica- 
tion  of  the  initial  imperfection  mode. The differential  equation 
of equilibrium  is  then 
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where 

MB = DB Y1" 

and p r i m e s   d e n o t e   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  x. 

N B = r J t  
B B  

4E 
M - - 

kM 2 
t , ( l -v  

By s u b s t i t u t i n g  M and y as given  above  into  Equation  (A3)' 

the   fo l lowing   re la t ionship   be tween  ampl i tudes  A and B i s  obta ined  
B' ' 0  1 

- B 
A 2 4 

1 - D (a) + > (+) NB 

B B 

The c r i t i c a l   v a l u e   o f  N i s  t h a t  which  causes B t o   i n c r e a s e  
i n d e f i n i t e l y ;  B 

2 2 
N B = DB (:) + kM (i) 

Minimization  of N w i t h   r e s p e c t   t o  h g i v e s  B 

% 

x W = (2) 
f o r  which 
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N 
BCR = 2,/kMDB. 

T h i s . c r i t i c a 1   b u c k l i n g   l o a d  i s  t h e  same as t h a t   g i v e n   i n   R e f e r e n c e  2 
and i s  r e f e r r e d   t o   h e r e  as t h e   w r i n k l i n g  mode; hence   t he  w sub- 
s c r i p t   o n  X above .   The   fo l lowing   def in i t ion  i s  used  for   ' the   end 
l o a d   r a t i o :  

NB NC 
0 

""" 
C - 

aW 
- 

NBCR CR 'CR 

- 
NC 

U 

By combining  Equations ( A 8 ) ,  (A10) , ( A l l )  , and ( A 1 2 )  , the   ampli-  
tude  B i s  expres sed   i n   t he   fo l lowing   fo rm 

Now, the   increment   o f   end   shor ten ing   per   wavelength   tha t  re- 
s u l t s  from d e f l e c t i n g   t h e   l a y e r s  from  amplitude A t o  A + B i s  t h a t  
f o r   d e f l e c t i n g  it from  zero  to  A + B less t h a n   f o r   d e f l e c t i n g  it 
from  zero  to A ;  

6 =  6A + B - 6 B  

From Reference 7 it is r e a d i l y   s e e n   t h a t  

T A  
2 2  

6A - 4 x  
" 

and 

Therefore ,  
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By s u b s t i t u t i n g   E q u a t i o n  (A13)  f o r  B/A i n   t h i s   e x p r e s s i o n  for 6 ,  

The t o t a l   d i s p l a c e m e n t  of t h e  end  of a bo ron   l aye r  i s  then 
t h a t  due t o   a x i a l   s h o r t e n i n g   p l u s  6 .  By d e f i n i n g  EB as   an  

e f f e c t i v e  modulus t h a t   a c c o u n t s   f o r   b o t h   t h e s e   c o n t r i b u t i o n s ,   t h e  
f o l l o w i n g   r e l a t i o n s  are ob ta ined  

- 

6T - 
- 

'AXIAL + 6  

o r  

NB x NB 

tBFB t ~ E ~  

"- - + 6  

By combining  Equations ( A 1 8 ) ,   ( A 2 0 ) ,  and t h e   f o r e g o i n g   d e f i n i t i o n s ,  
t h e   r a t i o  F /E i s  obta ined  as  fol lows:  

B B  

From the  above  work, h/X can be expressed   as  
W 
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I 1 For a composite  having  properties  equal to  the  averages of those 
I' ;, for Specimens 1 and 3 
L-2 

X 
x 0.1542 - - =  A 

W tB 

6 where tB = 0.16 mils, tM = 1.10 mils, EM = 0.5 x 10 psi, 

EB = 60 x 10 psi, = 1/4, and v = 1/3. 6 
VB M 

It is  noted  that  the  maximum  tensile  stress  which  develops 
on the  matrix-boron  interface  during  loading  is 

E M 2B a =  - 
M 

1 - VM tM 

Equation  (A13)  is  used  to  determine  B  in  this  formula  for u 
When X/X is given by Equation (A23), 0 is M 7  

W M 

5 
-2 

0 = 3.27 x 10 x. 
M t B 

x (0.1542 -) - 2 
2 

tB I 
Antisymmetric  Case: 

In this  case  the  matrix is subjected  to  shearing  strain when 
y1 occurs. That shearing  strain  is 

yM = (. + 2) Y l l  
The shearing  stresses will be  constant through  the  thickness: 

7 = G  
M M 'M 

The differential  element  shown  in Figure 13 is of thickness  t + B 
the  repeating  element  of  the  composite. The above  shearing 

stresses  act on each  side  of  the  repeating  element, but in  opposite 
tM 
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j$ 
'I . d i rec t ions .   Fo r   equ i l ib r ium,   t he   fo rces  on t h e   d i f f e r e n t i a l  I8 I 

e lemen t   i n   F igu re  13 must  s a t i s f y   t h e   f o l l o w i n g   e q u a t i o n s :  

"I; - G (tB + tM) yM - V = 0 
M (A281 

and 

V' + NBy" = 0 (A29) 

Therefore ,   the   above  two equat ions  a long  with  Equat ion (A26) com- 
b i n e  as 

By s u b s t i t u t i n g   i n   E q u a t i o n  (A30) the   expres s ions   fo r  M and 
B' ' 0 '  

Y1 
as   def ined   above ,   the   fo l lowing   re la t ionship   be tween B and A i s  

obtained:  

B 
N 

B "_ - - " 

The c r i t i c a l   v a l u e   o f  N i s  t h a t  which  causes B t o   i n c r e a s e   i n -  

d e f i n i t e l y .   T h e r e f o r e ,  when minimized  with  respect to wavelength, 
B 

2 

NB CR = G M M  t (1 + 2) 
f o r  X = CO. From t h e  r u l e  of   mixtures ,  

Nr-l - 
NB - 

L 

tM 'M 1+" 
t E  

B B  

Therefore ,  
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N t 

'CR = G M t M ( l + < ) ( l + '  t13 ") EB 

T h i s   r e s u l t   d i f f e r s   f r o m   t h a t  of Reference 2 f o r  N by   t he  

f a c t o r  1 + - - b e c a u s e   t h e   s t r a i n   e n e r g y   i n   c o m p r e s s i o n   o f  

t h e  matrix du r ing   buck l ing  w a s  n e g l e c t e d   i n   t h a t  work. 

t E  'CR 

tB EB 

By u s i n g   t h e   d e f i n i t i o n  a = NC / NCCR, Equat ion (A31) becomes 
S 

B 
" - 
A 

1 +  2 - as 

G M M  t (1 +$) 
(A3 5) 

1 

EB  tB 1 + -  - 
G M tM 

% 

i t u t e d   i n   E q u a t i o n  T h i s   e x p r e s s i o n   f o r  A/B can now be s u b s t  - 1 
t o   d e t e r m i n e  6 and t h e   r e s u l t   c a n  be s u b s t i t u t e d   i n t o   E q u a t i o n  
(A20) t o   o b t a i n   t h e   f o l l o w i n g   e x p r e s s i o n   f o r  E 

where 

2 2  - TTA 

2 x* 
D 

B 1"- 
G t  

M M  

(A17 
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. " 

When as = 0, and i t s  terms a re   r ea r r anged ,  cp becomes cpo and is  
S 

The maximum shea r ing  stress t h a t   d e v e l o p s   i n   t h e   m a t r i x  d u r -  
ing   loading  is 

7 =  M GM (' + $) (?) (A3 9 1 

By subs t i t u t ing   f rom  Equa t ion  (A35) f o r  B, 7 becomes M 
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